We investigate the mixing-demixing transition and the collapse in a quasi-two-dimensional degenerate boson-fermion mixture (DBFM) with a bosonic vortex. We solve numerically a quantumhydrodynamic model based on a new density functional which accurately takes into account the dimensional crossover. It is demonstrated that with the increase of interspecies repulsion, a mixed state of DBFM could turn into a demixed state. The system collapses for interspecies attraction above a critical value which depends on the vortex quantum number. For interspecies attraction just below this critical limit there is almost complete mixing of boson and fermion components. Such mixed and demixed states of a DBFM could be experimentally realized by varying an external magnetic field near a boson-fermion Feshbach resonance, which will result in a continuous variation of interspecies interaction.
I. INTRODUCTION
A quantum degenerate Fermi gas (DFG) cannot be achieved by evaporative cooling due to a strong repulsive Pauli-blocking interaction at low energies among spinpolarized fermions [1] . Trapped DFG has been achieved only by sympathetic cooling in the presence of a second boson or fermion component. Recently, there have been successful observation [1, 2, 3, 4] and associated experimental [5, 6, 7] and theoretical [8, 9, 10, 11, 12, 13, 14, 15, 16 ] studies of degenerate boson-fermion mixtures by different experimental groups [1, 2, 3, 4] [5, 13, 16] , and has also been predicted in a degenerate fermion-fermion mixture of different-mass atoms [17] .
Several theoretical investigations [9, 11, 12] of a trapped DBFM considered the phenomenon of mixingdemixing in a state of zero angular momentum when the boson-fermion repulsion is increased. For a weak boson-fermion repulsion both a Bose-Einstein condensate (BEC) and a DFG have maxima of probability density at the center of the harmonic trap. However, with the increase of boson-fermion repulsion, the maximum of the probability density of the DFG could be slowly expelled from the central region. With further increase of boson-fermion repulsion, the DFG could be completely expelled from the central region which will house only the BEC. This phenomenon has been termed mixing-demixing in a DBFM. The phenomenon of demixing has drawn some attention lately as in a demixed state an exotic configuration of the mixture is formed, where there is practically no overlap between the two components and one can be observed and studied independent of the other. It has been argued [9] that such a demixed state in a DBFM should be possible experimentally by increasing the interspecies scattering length near a Feshbach resonance [18] . More recently mixing-demixing has been studied in a degenerate fermion-fermion mixture [19] .
On the other hand if the interspecies interaction is turned attractive and its strength increased, the DBFM collapses above a critical strength. There has been several experimental [5, 20, 21] and theoretical [8, 13, 16] studies of collapse in a DBFM of 40 K-87 Rb mixture. As the interaction in a pure DFG at short distances is repulsive due to Pauli blocking, there cannot be a collapse in it. A collapse is possible in a DBFM in the presence of a sufficiently strong Boson-fermion attraction which can overcome the Pauli repulsion among identical fermions [5] .
It is pertinent to see how mixing-demixing manifest for interspecies attraction below the critical value for collapse. The appearance of a quantized bosonic vortex state is the genuine confirmation of superfluidity in a trapped BEC. In view of many experimental studies of such bosonic vortex states it is also of interest to see how the mixing-demixing phenomenon in a DBFM modify in the presence of a bosonic vortex. The vortices are quantized rotational excitations [22] and can be observed in two-dimensional (2D) systems. The lowest of such excitations with unit angular momentum (h) per atom is the nonlinear extension of a well-understood linear quantum state [23] . Vortex states in a BEC have been observed experimentally [24] . Different techniques for creating vortex states in BEC have been suggested [25] , e.g., stirring the BEC with an external laser [26] , forming spontaneously in evaporative cooling [27] , using a "phase imprinting method" [28] , and rotating an axially symmetric trap [29] . Recently, the stability of the vortex state and the formation of persistent currents have been theoretically analyzed also in toroidal traps [30, 31, 32] . The generation of vortex in degenerate fermions is much more complex [33] and we shall not consider this possibility here.
The purpose of this paper is to study and illustrate the mixing-demixing phenomenon for both attractive and repulsive interspecies interaction in a trapped DBFM vortex in a quasi-2D configuration using a quantumhydrodynamic model inspired by the success of this model in the investigation of fermionic collapse [16] and bright [34, 35] and dark [36] solitons in a DBFM. The conclusions of the study on bright soliton [35] are in agreement with a microscopic study [37] , and those on collapse [16] are in agreement with experiments [5, 20] . This time-dependent mean-field-hydrodynamic model was suggested recently [16] to study the collapse dynamics of a DBFM.
In addition to the study of mixing-demixing in a DBFM in a quasi-2D configuration, we also study conditions of stability and collapse in it. Specifically, we study the conditions of stability when the parameters of a DBFM are modified, e.g., boson-boson and bosonfermion interactions as well as the boson and fermion numbers.
There have been prior investigations of mixingdemixing [11, 12] in a trapped DBFM upon an increase of interspecies repulsion. Also, there have been previous investigations of stability and collapse [13, 15] in a trapped DBFM. In contrast to these previous time-independent studies for stationary states, the present study relies on a time-dependent formulation and investigates mixingdemixing and stability and collapse for both attractive and repulsive interspecies interaction and extends to the case of vortex states for the first time.
The model hydrodynamic equations in a quasi-2D form is derived from a Lagrangian density for the DBFM where the boson Lagrangian is taken in the usual mean-field Gross-Pitaevskii form [38] . The interaction Lagrangian between bosons and fermions is also taken to have the standard product form of boson and fermion probability densities. We derive a new Lagrangian for the quasi-2D fermions by putting them in a box of length L along x and y directions and in a harmonic potential well along z direction. By occupying the lowest single-particle fermion states we calculate the fermion probability density as a function of chemical potential from which we obtain the corresponding fermion Lagrangian density. The resultant hydrodynamic equations have a nonpolynomial nonlinearity for the fermions, which we use in our calculation. In the strict 2D limit, when axial excitations are not allowed, this nonlinearity reduced to a standard cubic form.
The paper is organized as follows. In Sec. II we present an account of the quantum hydrodynamic model consisting of a set of coupled partial differential equations involving a quasi-2D BEC and a DFG. In Sec. III we present the numerical results on mixing-demixing and collapse of a DBFM in two subsections, respectively. In Sec. IV we present a summary and discussion. Some technical details are given in Appendix.
II. BOSON-FERMION LAGRANGIAN FOR QUASI-2D HYDRODYNAMICS
We consider a DBFM with N B Bose-condensed atoms of mass m B and N F spin-polarized fermions of mass m F at zero temperature. A natural choice for a quasi-2D trap-geometry is a very strong confinement along the z axis: in this axial direction we choose a harmonic potential of frequency ω z . In the cylindric radial directions we take two generic external potentials for bosons and fermions: V B (ρ) and V F (ρ), where ρ = (x 2 + y 2 ) 1/2 is the cylindric radial coordinate.
To describe this quasi-2D DBFM we use two dynamical fields: ψ B (ρ, t) and ψ F (ρ, t). The complex function ψ B (ρ, t) is the hydrodynamic field of the Bose gas, such that n B = |ψ B | 2 is the 2D bosonic probability density and v B = i∂ ρ ln (ψ B /|ψ B |) is the bosonic velocity. The complex function ψ F (ρ, t) is the hydrodynamic field of the Fermi gas, such that n F = |ψ F | 2 is the 2D fermionic density and v F = i∂ ρ ln (ψ F /|ψ F |) is the fermionic velocity. These two complex fields are the Lagrangian variables of the Lagrangian density
where L B is the bosonic Lagrangian, L F is the fermionic Lagrangian and L BF is the Lagrangian of the bosonfermion interaction. It is important to stress that in our model, based on quantum hydrodynamics [38, 39] , the bosonic Lagrangian L B describes very accurately all the dynamical properties of the dilute quasi-2D BEC [39, 40] , while the fermionic Lagrangian L F can be safely used only for static and collective properties of the quasi-2D Fermi gas [39] . Note that recently quantum hydrodynamics has been also successfully applied to investigate the dimensional crossover from a 3D BEC to a 1D TonksGirardeau gas [41, 42] in a DBFM. The bosonic Lagrangian is given by [16, 35, 40 ]
is the centrifugal term of the bosonic vortex, l is the integer quantum number of circulation andhl is the angular momentum of each atom in the axial (z) direction [23] . The term E B (n B ) is the bulk energy density of the dilute and interacting quasi-2D BEC under axial harmonic confinement. As shown in Ref. [40] , this bulk energy density is a nonpolynomial function of the 2D bosonic density n B = |ψ B | 2 . For small bosonic densities, i.e. for 0 ≤ n B < 1/(2 √ 2πa BB a zB ) where a BB is the 3D Bose-Bose scattering length and a zB = h/(m B ω z ) is the characteristic length of axial harmonic confinement for bosons, the BEC is strictly 2D and one finds
where
is the 2D interatomic strength [40] . For very large densities, i.e. for n B ≫ 1/(2 √ 2πa BB a zB ), the BEC is instead 3D and E B scales as n 5/3 B (for details see Ref. [40] , where nonpolynomial Schrödinger equations are derived for cigarshaped and disk-shaped BECs starting from the 3D Gross-Pitaevskii Lagrangian). Here we consider a BEC with a small a zB (strong axial confinement) and a much smaller scattering length a BB and so the BEC is strictly 2D.
The fermionic Lagrangian is given by [16, 35] 
where E F (n F ) is the bulk energy density of a noninteracting quasi-2D Fermi gas at zero temperature and under axial harmonic confinement. As shown in Appendix, this bulk energy density is a nonpolynomial function of the 2D fermionic density n F = |ψ F | 2 . For small fermionic densities, i.e. for 0 ≤ n F < 1/(2πa 2 zF ), the Fermi gas is strictly 2D and one finds E F =hω z π(a zF n F ) 2 , where a zF = h/(ω z m F ) is the characteristic length of axial harmonic confinement of fermions. For large densities, i.e. for n F ≫ 1/(2πa 2 zF ), the Fermi gas is 3D and, as shown in Appendix, one has E F = (4a
F . Contrary to the case of bosons, whose dimensionality depends also on a BB (that is very small), for fermions it is necessary to use an extremely small a zF and a very small number of atoms to have a strictly 2D configuration. This is not the case of real experiments and so we use the formula
which has been deduced in Appendix and gives the full 2D-3D crossover of an ideal Fermi gas that is uniform in the cylindric radial direction and under harmonic confinement in the cylindric axial direction. It is interesting to stress that the study of 2D-3D (and 1D-3D) cross overs have a long history in trapped (bosonic) atoms. There have been careful studies of a pair of of trapped atoms [43] as well as of a large number of trapped atoms [44] .
In the Appendix we consider a different type of the 2D-3D crossover for a large number of ideal Fermi gas atoms distributed over different quantum states obeying Pauli principle.
In the fermionic Lagrangian of Eq. (4) the Weiszäcker gradient term −h 2 |∇ ρ ψ F | 2 /(6m F ) takes into account the additional kinetic energy due to spatial variation [14] but contributes little to this problem compared to the dominating Pauli-blocking term E F (n F ) [45, 46] for a large number of Fermi atoms. The interaction between intraspecies fermions in the spin-polarized state is highly suppressed due to the Pauli-blocking term and has been neglected in the Lagrangian L F and will be neglected throughout.
Finally, the Lagrangian of the boson-fermion interaction reads [14, 47] 
where g BF = 2πh 2 a BF /(m R √ 2π a zB a zF ) with a BF the 3D Bose-Fermi scattering length and m R = m B m F /(m B + m F ) the Bose-Fermi reduced mass.
The Euler-Lagrange equations of motion of the Lagrangian density (1) with Eqs. (2), (4), and (6) are given by
where µ B = ∂E B /∂n B = g BB n B is the bulk chemical potential of the strictly 2D BEC and µ F = ∂E F /∂n F is the bulk chemical potential, given by Eq. (17) of Appendix, of the ideal Fermi gas in the 2D-3D crossover. The normalization used in Eqs. (7) and (8) and above is 2π (7) is the 2D Gross-Pitaevskii equation while Eq. (8) is essentially a time-dependent generalization of a quasi-2D version of the time-independent equations of motions suggested by Capuzzi at al [14] and Minguzzi et al. [15] to study static and collective properties of a confined, dilute and spin-polarized Fermi gas. That time-independent version was a generalization of the Thomas-Fermi (TF) approximation for the density of a Fermi gas [45] . The TF approximation for a stationary Fermi gas can be obtained from Eq. (8) by setting the kinetic energy term to zero. For a large number of Fermi atoms, in Eq. (8) the nonlinear term µ F (n F ) is much larger than the kinetic energy term, hence the inclusion of the kinetic energy in Eq. (8) changes the probability amplitude ψ F only marginally. However, inclusion of the kinetic energy in Eq. (8) has the advantage of leading to a probability amplitude ψ F analytic in space variable ρ, whereas the TF approximation is not analytic in ρ [35] .
As previously discussed, the Lagrangian (1) with (2), (4) and (6) describes a DBFM under axial harmonic confinement of frequency ω z and any kind of the external potentials V B (ρ) and V F (ρ) in the cylindric radial directions. For our investigation of bosonic vortices in presence of fermions we take the following radial traps
as in the study by Modugno et al. [13] and Jezek et al. [45] , where ω ⊥ refer to the trap frequency for bosons. In this way the quasi-2D mixture is achieved from the so-called disk-shaped configuration: the DBFM is confined by an anisotropic 3D harmonic potential,
, where λ = ω z /ω ⊥ is the trap anisotropy. The quasi-2D configuration is appropriate for studying vortices in the disk-shaped geometry with anisotropy parameter λ ≫ 1.
III. NUMERICAL RESULT
The main numerical advantage of working with Eqs. (7) and (8) is that the calculations are much faster. In fact, one has to solve the two coupled differential equations with only one space variable, ρ. The full 3D problem will require an enormous computational effort. In our numerical simulation we consider the 40 K-87 Rb mixture and take λ = 10, ω z = 2π × 100 Hz. We take m B as the mass of 87 Rb and m F as the mass of 40 K. We solve numerically the coupled quantumhydrodynamic equations (7) and (8) for vortex quantum numbers l = 0 and l = 1 by using a imaginary-time propagation method based on the finite-difference Crank-Nicholson discretization scheme elaborated in Ref. [48] . In this way we obtain the ground-state of the DBFM at a fixed value of the vortex quantum number l. We discretize the quantum-hydrodynamics equations (7) and (8) using time step 0.0003 ms and space step 0.02 µm.
The scattering length a BF is varied from positive (repulsive) to negative (attractive) values through zero (non-interacting). Note that in the experiments the scattering length a BF can be manipulated in 6 Li-23 Na and 40 K-87 Rb mixtures near recently discovered Feshbach resonances [18] by varying a background magnetic field.
A. Mixing-demixing transition
In the first part of our numerical investigation we consider the mixing-demixing transition in the quasi-2D DBFM with vortex quantum number l = 0, 1. For a sufficiently large repulsive a BF there is demixing and for a large attractive a BF there is mixing. If the attractive a BF is further increased there could be collapse in the DBFM, which we study in detail in the next subsection. The mixing-demixing phenomenon is quite similar for various boson and fermion numbers and we illustrate it choosing N F = 120, N B = 1000, and a BB = 40 nm. The results of our imaginary-time calculation with vortex quantum number l = 0 are shown in Fig. 1 , where we plot the probability density |ψ j | 2 vs. cylindric radii ρ of the stationary boson-fermion mixture in a quasi-2D configuration for noninteracting, repulsive and attractive interspecies interaction. The probability density in Figs. 1 and 2 is normalized to unity: 2π ∞ 0 |ψ j | 2 ρdρ = 1. In all cases, with a BF > 0, because of the large nonlinear Pauli-blocking fermionic repulsion, the fermionic profile extends over a larger region of space than the bosonic one. As shown in Fig. 1 , in agreement with previous studies in the l = 0 state, a complete mixing-demixing transition is found by increasing a BF from a BF = 0 to a BF = 100 nm. Instead, in the case of attractive bosonfermion interaction (a BF < 0) we find that the fermionic cloud is pulled inside the bosonic one and a complete overlap between the two clouds is then achieved. With further increase in boson-fermion interaction the system collapses. In Fig. 1(d) , where a BF = −30 nm, just below the critical value for collapse, we find an almost complete mixing between the bosonic and fermionic components.
In the second part of the investigation we consider a BEC with vortex quantum number l = 1 in a DBFM with the same parameters of Fig. 1 . The results are dis- played in Fig. 2 . The non-interacting case (a BF = 0) is exhibited in Fig. 2(a) with N F = 120, N B = 1000, a BB = 40 nm. The fermionic profile in this case is quite similar to that in the l = 0 state exhibited in Fig. 1(a) . However, the bosonic profile has developed a dip near origin due to the l = 0 vortex state. In Fig. 2(b) upon introducing a interspecies repulsion between bosons and fermions a demixing has started and the fermionic wave function is partially pushed out from the central region for a BF = 30 nm. This demixing has increased in Fig.  2(c) for a BF = 100 nm. The fermionic profile in Fig. 2(c) for the vortex state with l = 1 is quite similar to the corresponding state in Fig. 1(c) for l = 0. Finally, we find that an attractive boson-fermion interaction increases the mixing of boson and fermion components and the mixing is maximum for a critical value of a BF before the occurrence of collapse in the DBFM. The boson and fermion profiles for a BF = −30 nm just below the threshold for collapse is shown in Fig. 2(d) . In this case the mixing is so perfect that the fermionic profile has developed a central dip near ρ = 0 reminiscent of a vortex state as in the bosonic component. However, near ρ = 0 the fermionic wave function ψ F (ρ) tends to a constant value and does not have the vortex state behavior ψ B (ρ) ∼ ρ l . This shows that the fermionic state is not really a vortex but due to mixing it tends to simulate one.
B. Stability and Collapse
For given values of N B , N F , a BB and angular momentum l, always a stable configuration is achieved for a repulsive (positive) a BF . However, for a sufficiently large attractive (negative) a BF , the system collapses as the overall attractive interaction between bosons and fermions supersedes the overall stabilizing repulsion of the system thus leading to instability. Also, alternatively, for a fixed a BF , N F , a BB and angular momentum l, the system may collapse for N B greater than a critical value N crit B . This may happen for all values of the parameters and a typical situation is illustrated in Fig. 3 , where we plot N crit B vs. a BF in different cases for N F = 1000. One can have collapse in a single or both components. After collapse the radius of the system reduces to a very small value.
For a BB ≤ 0 the system is stable for N < N crit B for both l = 0 and 1 as one can see from Fig. 3 , where we plot results for a BB = 0 and −5 nm. The region of instability and collapse is indicated by arrows for N > N crit B . In Fig. 3 we find that the region of stability has increased after the inclusion of the angular momentum term. Due to the stabilizing repulsive centrifugal term h 2 l 2 /(2m B ρ 2 ) the rotating (l = 1) DBFM is more stable than the nonrotating (l = 0) one [49] .
For a BB > 0, the bosons have a net repulsive energy and the system does not collapse unless the strength of boson-fermion attraction |a BF | is increased beyond a critical value. In this situation an interesting scenario appears at fixed a BF , a BB , N F and l, as N B is increased. Increasing N B from a small value past the critical value N crit B , the system collapses because the attractive interaction in the Lagrangian density (6) becomes large enough to overcome the stabilizing repulsions in bosonboson and fermion-fermion subsystems. However, when N B becomes very large (N B ≫ N F ) past a second critical value, the attractive interaction in the Lagrangian density (6) will become small compared to the overall repulsion of the system and a stable configuration can again be obtained. This is clearly illustrated in Fig. 5 . Note that, in Eq. (6), |ψ B | 2 ∝ N B and |ψ F | 2 ∝ N F and for a fixed total number of atoms (N B + N F ) L BF becomes large for N B ≈ N F and small for N B ≫ N F or N B ≪ N F . Hence, a small number N F of fermions should not destabilize the stable configuration of a large number N B of repulsive bosons. Similarly, a small number N B of bosons should not destabilize the stable configuration of a large number N F of repulsive fermions. This feature, that is explicitly shown in Fig. 3 , should be quite general independent of dimensionality of space. It is not clear why this feature was not found in the 3D theoretical study of Ref. [8] .
Next we analyze how the system moves towards collapse as the parameters of the model are changed. First we consider the passage to collapse as the attractive strength of boson-fermion interaction is increased. To see this we plot the root-mean-square (rms) radii ρ rms of bosons and fermions vs. a BF in several cases in Fig.  4 . The rms radii remain fairly constant away from the region of collapse. However, as a BF approaches the value for collapse the rms radii decrease rapidly to a small value signalling the collapse. In this case both bosons and fermions experience collapse simultaneously. We also studied the collapse for a fixed attractive a BF , a BB and N F , while N B is varied, to demonstrate that stable configuration can be attained simultaneously for bosons and fermions for small and large N B , e.g. for
is collapse in either bosons or fermions or both. This is illustrated in Fig. 5 where we plot ρ rms vs. log(N B ) for N F = 1000 and a BB = 5 nm for both bosons and fermions for l = 0 and 1. In both cases (l = 0, 1), as N B is increased from a small value, the collapse is initiated near N B = N crit B ≈ 1000 when the radii of both bosons and fermions suddenly drop to a small value signalling a collapse in both subsystems. With further increase in N B near N B ≈ 8000 the bosons pass to a stable state from a collapsed state and the corresponding rms radii increase with N B . The fermions continue in a collapsed state with a small radii. However, near N B ≈ 5 × 10 6 the fermions also come out of the collapsed state and with the increase of N B the fermion radius starts to increase. For N B > 10 7 , a stable configuration of the DBFM is obtained as the boson-boson and fermion-fermion repulsion compensates for the boson-fermion attraction.
IV. CONCLUSION
We have used a coupled set of quantum-hydrodynamic equations to study the mixing-demixing transition as well as stability and collapse of a trapped DBFM. The model equations are solved by imaginary time propagation of the finite-difference Crank-Nicholson algorithm. In our analysis the Bose-Einstein condensate is strictly 2D while the Fermi gas is not: for this reason we have introduced a new fermionic density functional which accurately takes into account the dimensional crossover of fermions from 2D to 3D. In the study of the mixing-demixing transition we have taken the boson-boson interaction to be repulsive and the boson-fermion interaction to be both attractive and repulsive. By considering a bosonic vortex with quantum number l, we have found that in both l = 0 and l = 1 cases the mixing could be almost complete up to the critical value of boson-fermion attraction beyond which the system collapses. When the boson-fermion interaction is turned repulsive, there is the mixing-demixing transition which is regulated by the boson-fermion repulsion.
We have also studied the collapse in l = 0 and l = 1 cases. The l = 1 system is found to be more stable due to the centrifugal kinetic term. We have investigated in detail how stability is affected when the boson-boson and boson-fermion interaction as well as boson and fermion numbers are varied.
The present analysis is based on mean-field Eqs. (7) and (8) for the Bose-Fermi mixture, which are very similar in structure to those satisfied by a Bose-Bose mixture [50] . In the mean-field equations for a Bose-Bose mixture all nonlinearities are cubic in nature. In the present mean-field equations for a Bose-Fermi mixture apart from the intraspecies Fermi (diagonal) nonlinearity arising from the Pauli principle in Eq. (8), given by Eq. (17) , all other nonlinearities are also cubic in nature. In Eq. (17) the nonlinearity is partly cubic and partly has a different form; whereas in the strict 2D limit this nonlinearity is entirely cubic in nature. Bearing such a similarity with the mean-field equations of the Bose-Bose mixture, the l = 0 results for mixing-demixing and collapse in Bose-Fermi mixture presented here are expected to be similar to those of a Bose-Bose mixture provided that the scattering lengths and trap parameters are adjusted in two cases to lead to similar strengths of the nonlinearities. [It has been demonstrated, similar to the present Bose-Fermi mixture, that a Bose-Bose mixture with intraspecies repulsion and interspecies attraction can experience collapse [50] .] But the present l = 1 results with a bosonic vortex in a Bose-Fermi mixture have no analogy with in the Bose-Bose case. A slowly rotating Bose-Fermi mixture can have a quantized bosonic vortex with l = 1 with no vortex in the fermions; whereas a similar Bose-Bose mixture should have a l = 1 vortex in both the bosonic components in a stable stationary configuration. Consequently, the mean-field equations satisfied by the slowly rotating Bose-Fermi mixture will be distinct from those satisfied by a slowly rotating Bose-Bose mixture and the present results for l = 1 should be distinct from those for a Bose-Bose mixture.
The present findings can be verified in experiments on DBFMs, specially for the vortex state, thus presenting yet another critical test of our quantum-hydrodynamic model.
In this appendix we derive the zero-temperature equations of state for an ideal Fermi gas that is uniform in the cylindric radial direction but under harmonic confinement in the cylindric axial direction. In particular we obtain the chemical potential µ F and the energy density E F as a function of the 2D uniform radial density n F of the Fermi gas.
Let us consider an ideal Fermi gas in a box of length L along x and y axis and harmonic potential of frequency ω z along the z axis. The total number of particles is
where the single particle energy reads
Here i x , i y are integer quantum numbers and i z is a natural quantum number. Let us approximate i x and i y by real numbers (see also [51] . Then
Setting k x = 2π L i x and k y = 2π L i y , the number of particles can be rewritten as
The 2D density is then
Now we re-write the density n F in the following way
dk x dk y θ(µ − ǫ kxky iz ) .
The first term is the density of a strictly 2D Fermi gas (only the lowest single-particle mode along the z axis is occupied) and the second term is the density which takes into account of all single-particle modes along the z axis, apart the lowest one. Setting k 2 = k In conclusion the 2D density n F is given by
where µ F = µ −hω z /2 is the chemical potential minus the ground-state harmonic energy along the z axis. (17) carries the fermionic nonpolynomial nonlinearity in quasi-2D formulation to be used in Eqs. (7) and (8) . In the strict 2D limit, the second term in Eq. (15) is absent and µ F = 2πhω z n F a 2 zF corresponding to a cubic nonlinearity.
We can also derive the energy density E F of the Fermi gas from the following formula of zero-temperature thermodynamics
In this way we get The Fermi gas is strictly 2D only for 0 ≤ n F < 1/(2πa 2 zF ), i.e. for 0 ≤ µ F <hω z . For n F > 1/(2πa 2 zF ), i.e. for µ F >hω z , several single-particle states of the harmonic oscillator along the z axis are occupied and the gas has the 2D-3D crossover. Finally, for n F ≫ 1/(2πa 2 zF ), i.e. for µ F ≫hω z , the Fermi gas becomes 3D [51] .
The equations of state (17) and (19) can be used to write down, in the local density approximation, the density functionals of the quasi-2D Fermi gas in presence of an additional external potential V (ρ) in the cylindric radial direction ρ. In this case the 2D fermionic density n F becomes a function of the radial coordinate: n F = n F (ρ).
